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 CURRENT ITEMS

 MODEL FERTILITY SCHEDULES: A research project* recently
 VARIATIONS IN THE AGE STRUCTURE OF undertaken at the Office of
 CHILDBEARING IN HUMAN POPULATIONS Population Research was an

 examination of the roots of a

 basic integral equation in the theory of stable populations:

 JMer-ap(a)m(a)da = 1.0

 The aim was to examidne the nature of the roots for a set of net fertility functions
 expressing the full variety of fertility experience to be found in large human
 populations. One segment of the project was an attempt to create a family of
 model fertility schedules encompassing the full range of human experience, an
 attempt that culminated in the tables presented here.

 Several sets of model tables have been developed representing in different ways
 and in different detail of coverage typical age patterns of mortality found in
 human populations at every recorded level of mortality (United Nations 1955;
 Coale and Demeny 1966; Ledermann 1969; Brass 1971). A single model schedule
 of first marriage frequencies (with a corresponding model schedule of the proportion
 ever married by age, and also a schedule of person years lived in the ever married
 state) has been found to fit a wide range of age patterns of nuptiality, given the
 proper choice of parameters specifying the origin and the appropriate horizontal and
 vertical scales for the standard nuptiality function (Coale 1971).

 In Appendix B are printed a set of model age-specific fertility schedules
 analogous to the earlier model tables of mortality and nuptiality. These schedules
 represent age patterns of fertility rather than the level of fertility. Since the sum
 of the tabulated fertility rates, taken over all reproductive ages, is 1.0, age-specific
 fertility rates can be calculated by multiplying each model rate by an actual
 population's total fertility rate. In these new tables the fertility in each single year
 of age is calculated as the product of a number representing the proportion
 cohabiting at that age and a number representing the age-specific fertility of those
 who cohabit. By such combinations we have been able to construct schedules that
 we believe express essentially the full range of age structures of fertility likely to
 be found in large human populations. The source of this belief is, first of all, the
 regularity, both in the age pattern of nuptiality, and in the variation of marital
 fertility with age, noted in an earlier article (Coale 1971). The further and sounder
 basis for the belief in the validity of the model fertility schedules is their
 extraordinarily close fit to various accurately recorded fertility schedules of rad-

 *This project was conducted as part of a graduate course in mathematical demography at Princeton
 taught by Donald McNeil, Ansley Coale, and Jane Menken, during the fall semester of 1973-1974. It
 was a joint research project involving students and faculty, undertaken in lieu of individual research
 papers.
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 ically different form in terms of mean age, standard deviation, and symmetry or
 asymmetry. The fit is described and graphically illustrated at a later point.

 The text that precedes the tables includes: 1) a description in general terms of
 the basis of the model schedules of fertility; 2) the presentation of relevant details
 of the two constituent functions that are multiplied together to form the
 schedules; 3) a discussion of the fit of the schedules, including their suitability
 given the existence of such empirical factors as extramarital fertility, dissolution of
 marriage, and rapid changes in nuptiality; 4) a brief discussion of the advantages of
 model schedules based on the combination of two functions; and 5) an indication
 of some of the applications of the schedules, including instructions for locating, by
 interpolation, the most appropriate set of age-specific rates.

 The Basis for the Model Schedules of Fertility

 The basic assumption upon which the model schedules are calculated is that
 fertility conforms to the structure by age created by multiplying together two
 model subschedules: a sequence of model proportions ever married at each age and
 a model schedule of marital fertility. Thus, if the proportion ever married at age a
 in the model schedule of nuptiality is G(a), and the proportion of married
 women at age a experiencing a live birth in the model schedule of marital fertility
 is r(a), age-specific fertility is f(a) = G(a) * r(a). This construction applies exactly to
 a hypothetical population in which there is no fertility outside marriage, and no
 dissolution of marriage before the end of the childbearing span of ages. But it also
 duplicates quite adequately the age structure of fertility in actual populations
 through the selection of a G(a) that differs slightly from the proportion ever
 married in the actual population, and of an r(a) that differs slightly from the
 actual marital fertility schedules.

 The representation f(a) = G(a) . r(a) makes possible the calculation of model
 fertility schedules from three specified parameters-two parameters required to
 specify a model schedule of proportions ever married, and one parameter required to
 specify a model schedule of marital fertility.

 Age Structure of the Proportion Ever Married, G(a), Specified by Two Parameters

 First-marriage frequencies, defined as the number of first marriages in a short
 age interval divided by the number of persons in that interval, have been shown to
 conform to a curve of the same shape in different populations (or more precisely
 in different cohorts). What differs from population to population is the age at
 which first marriage begins, the duration of the age span within which the
 majority of the marriages occur, and the proportion of the survivors in the cohort
 who, at advanced ages, have been married at some time. The similarity in structure
 of the age distribution of first marriages in different cohorts is analagous to the
 common shape characterizing different normal (Gaussian) distributions, which are
 alike only when the mean (location), standard deviation (horizontal scale), and
 vertical scale (number of cases, or size of population) are specified.

 If the effect of differential mortality by marital status on the proportion ever
 married is neglected, the existence of a standard distribution of first marriage
 frequencies implies a standard curve describing the proportion ever married in
 different cohorts. The form of the curve is standard, but there are differences, of
 course, in the starting age of a tangible proportion ever married, in the pace at
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 which the curve rises and in the ultimate proportion experiencing marriage-the
 proportion ever married by the age at which first marriage rates have fallen

 essentially to zero. If the standard proportion ever married x years after first

 marriages begin is Gs(x), in any cohort G(a) = C. Gs((a - a0)/k), where C is a

 factor determined by the ultimate proportion ever married, a. is the age at which
 first marriages begin, and k is the scale factor expressing the number of years of
 nuptiality in the given population equivalent to one year in the standard popula-

 tion. If k is 1.0, first marriages occur at the same pace as in the nineteenth-

 century Swedish population that served as the basis of the standard; if k is 0.5, or
 one-half, first marriages occur at twice the pace of the standard. Specifically,
 according to the standard schedule half of the population that will ever marry has
 experienced first marriage ten years after the earliest age at which a consequential
 number of first marriages occur; if k is equal to 0.5, one-half the cohort has

 experienced first marriage five years after ao.
 The standard proportions ever married were published in an earlier article

 (Coale 1971), but for computational convenience, we have calculated G(a) from a
 closed-form analytical expression for first marriage frequencies developed by
 Donald R. McNeil (Coale and McNeil 1972). This expression is:

 (1) g(a) = (0.19465/k) exp {(-0.174/k)(a-a.-6.06k) - exp [(-0.2881/k)(a-a.-6.06k)]}

 No analytical expression for G(a) has been found, but G(a) can be calculated by
 numerical integration of g(a), since G(a) = faa g(x)dx. This representation of G(a),

 with appropriate estimates of ao and k, provides an approximation of the propor-
 tion ever married in a cohort, if multiplied by a scale factor to allow for the
 particular proportion ultimately experiencing marriage. However, since the stan-

 dard schedules of fertility that we have constructed represent only the age pattern
 of fertility and not the level, the proportion ultimately marrying is omitted here.
 Only the age of initiation and the pace of first marriages affect the structure of
 fertility; the proportion remaining celibate influences the level but not the age
 pattern of fertility.

 The Age Structure of Marital Fertility, r(a), Specified By a Single Parameter.

 Louis Henry found that there is a characteristic pattern of marital fertility in

 populations in which there is little or no voluntary control of births. He defined

 voluntary control as behavior affecting fertility that is modified as parity increases,
 and the absence of control-natural fertility-as behavior, whether affecting fertil-
 ity or not, that is the same no matter how many children have been born (Henry
 1961). The regularity in marital fertility that makes possible a single-parameter set
 of schedules is this: marital fertility either follows natural fertility (if deliberate
 birth control is not practiced), or departs from natural fertility in a way that
 increases with age according to a typical pattern. In a population in which fertility

 is voluntarily controlled, the ratio of marital fertility at each age, r(a), to a
 schedule of natural fertility, n(a), is given by:

 (2) r(a)/n(a) = M exp (m i v(a))
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 The factor M is a scale factor expressing the ratio r(a)/n(a) at some arbitrarily

 chosen age. Since we are concerned only with the age pattern of fertility (not its
 level), the value of M (like the value of the factor C in the model schedule of

 proportion ever married) is of no significance for the construction of our fertility

 schedules. The function v(a) expresses the tendency for older women in popula-

 tions practicing contraception or abortion to effect particularly large reductions of

 fertility below the natural level.

 Model schedules of r(a) are required at single years of age over the full range at

 which there is found both 1) a non-zero proportion cohabiting, and 2) non-zero

 marital fertility. The two functions n(a) and v(a), assumed to be invariant, must
 therefore be estimated by single years of age; the requisite family of model

 schedules is then obtained by assigning values to m, from zero, in which case r(a)

 equals n(a), to a maximum expressing the greatest likely departure of fertility
 from the age pattern of natural fertility resulting from a very high degree of

 voluntary control of births.

 The functions n(a) and v(a) were derived from empirical data. There were two

 steps in the derivation: first, the estimation of approximate values of n(a) and v(a)

 by five-year age intervals above age 20, and second, determination of single-year

 values by freehand interpolation above age 20 plus extension to ages below 20 on

 somewhat arbitrary common sense principles.

 Seven values of n(a) at ages 20-24 through 45-49 were derived by calculating
 the arithmetical average of schedules designated by Henry as natural (Henry 1961).
 Henry's schedules begin at 20 because premarital conceptions have a large and
 irregular effect on teenage marital fertility. Ten schedules of natural fertility were

 averaged after discarding schedules known to be based on surveys in which age

 misreporting was especially prevelant and might have distorted the pattern of
 fertility. The effect of this selection (compared to the acceptance of all schedules

 listed by Henry) is minor, since the age pattern of all of those listed is broadly
 similar.

 Seven values of v(a), at ages 20-24 through 45-49, were obtained by calcula-
 tions employing the marital fertility schedules listed in the United Nations Demo-
 graphic Yearbook for 1965 (United Nations 1966). Again, schedules known or

 suspected to be distorted by age misreporting or other forms of faulty data were

 discarded. Each of the forty-three schedules not eliminated on this basis were
 provisionally accepted as embodying, each in its own degree, the typical pattern of
 departure from natural fertility.

 For the ith schedule an individual vi(a) can be calculated by setting m = 1.0 in
 equation (2). For the jth schedule we find

 (3) vi(a) = log [ri(a)/(M . n(a))]

 M is chosen so that vi(a) is zero for the age interval 20-24. The arithmetical average
 of the forty-three values of vi(a) in each of the seven age intervals was then
 defmed as v(a) for each interval. The values of n(a) and v(a) are as follows:

 20-24 25-29 30-34 35-39 40-44 45-49

 n(a) 0.460 0.431 0.396 0.321 0.167 0.024
 v(a) 0.000 -0.316 -0.814 -1.048 -1.424 -1.667
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 The function v(a) calculated in this way can be validated by substituting the
 tabulated values in equation (2) and seeing how well the result fits each marital

 fertility schedule. A value of M is chosen that equates M . n(a) with r(a) at ages
 20-24. One way of getting a visual impression of how well v(a) fits a given marital
 fertility schedule is to calculate a separate value of m for each age interval. If

 equation (1) were fully valid, and v(a) appropriately estimated, the separately

 determined values of m for age intervals 25-29 through 4549 would all be the

 same. The sequence of m's calculated for the forty-three empirical marital fertility

 schedules is not in every instance highly uniform. However, the set of m's for
 most marital fertility schedules falls on a reasonably level plateau, and the

 difference in level of m between different populations is quite evident (see Figure

 1).
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 Fig. 2. Values of n(a) (natural fertility), and v(a) (logarithmic departure from n(a))
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 Single-year values of n(a) and v(a) are shown in Figure 2, and tabulated as part
 of the FORTRAN program in Appendix A. The hand-fitted values of n(a) above

 age 20 approximately match, in average value for each five-year interval, the values

 at five-year intervals listed earlier. The extension of n(a) back to age 12 is based
 on general biomedical information that full reproductive capacity is reached a few

 years after menarche, and that the mean age at menarche varies from about 12 to

 16 years in different populations. The particular choice of rates to represent n(a)
 below age 20 is not of major importance because of the dominant role of G(a) in
 determining the rise of age-specific fertility with age.

 Values of v(a) at single ages were chosen so that their sum over five-year age
 intervals matched (above age 25) the values at five-year intervals given earlier. To

 avoid a sharp change in the neighborhood of age 25, non-zero values were assumed

 to begin at age 20.

 With single-year values of our three functions, we have the means of calculating

 a full range of fertility schedules for hypothetical populations in which there is no

 illegitimacy and no marital dissolution, and in which marriage begins at various

 initial ages and occurs over various age spans, and in which marital fertility ranges

 from the gradual decline with age characteristic of natural fertility to the much

 steeper decline characteristic of populations in which there is extensive control of
 fertility within marriage. The age pattern is given by equation (4):

 (4) f(a) = G(a)n(a)emv(a)

 where f(a) is age-specific fertility, G(a) is the proportion ever married (in a
 population where first marriage occurs according to a schedule characterized by

 selected values of the parameters ao and k), n(a) is natural fertility, v(a) is the
 characteristic pattern of departure from natural fertility, and m is the extent of
 that departure.

 Model Schedules of Age-Specific Fertility, and Their Similarity to the Age Pattern
 of Fertility in Actual Populations

 In actual populations, of course, births occur outside of marriage as well as
 within, and the proportion of the population currently married differs from the
 proportion ever married because of the presence of the widowed and divorced.
 However, the structure of fertility in an actual population may closely resemble
 that in a hypothetical population with no marital dissolution or extramarital
 fertility if the latter population has slightly different parameters of nuptiality and
 marital fertility from those found in the actual population. The effect of illegiti-
 mate births and of premarital conceptions on the age structure of fertility is
 equivalent to a schedule of first marriages that is slightly different from the
 observed one at early ages; the effect of illegitimate births at the older ages is
 equivalent to a slight increase in marital fertility at those ages. The proportion of
 the ever married population that is widowed and divorced rises monotonically with
 age, thus reducing fertility toward the end of childbearing in a way that is
 topographically similar to the effect of v(a) on marital fertility. In other words, it
 is probable that the standard schedule of first-marriage frequencies, with a suitable

 choice of initial age and pace of occurrence of first marriages, can serve as a usable
 surrogate for the age of entry into sexual union (including unions that do not in
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 fact involve marriage), and that modification of natural fertility by the proper

 choice of m by which to multiply v(a) can serve to approximate the effect both of
 marital dissolution in reducing the fraction married at higher ages and of control
 of fertility on marital fertility. On the provisional assumption that such is the case,

 we have calculated a large array of model fertility schedules by single years of age;

 each schedule is composed of the product of an estimated proportion ever married

 and of marital fertility in each single-year age interval. The starting age of
 nuptiality was allowed to range from 12.5 to 18 years; the pace of marriage from

 56 percent of the pace (k = 1.7) to five times the pace (k = 0.2) in the Swedish

 standard nuptiality schedule. The value of m was permitted to range from zero

 (natural fertility) to 3.9, on a scale in which 1.0 is the average value for
 forty-three schedules in the 1965 Demographic Yearbook. A total of 795 model
 schedules was tabulated. Each schedule has been normalized so that the sum of the

 fertility rates at all ages is 1.0; the schedules embody only an age pattern of fertility

 and carry no implication with respect to total fertility.

 The tabulated schedules have been selected to produce mean ages at integral

 values from 24 to 34 years and values of standard deviation (achievable within the
 stipulated limits of the three underlying parameters) at intervals of half a year.
 The range of standard deviation is from 4.0 to 7.5, but some combinations (e.g.

 standard deviations of 7.0 or 7.5 with a mean age of 25) could not be attained
 within the limits of the three controlling parameters.

 When a. was 15.0 or more, the single-year rates under age 20 were modified to
 conform to an observed feature of reliably recorded single-year schedules; non-zero
 fertility rates typically begin at about age 15 even when marriage begins relatively

 late. Positive fertility rates at ages 15 and 16 in such populations are probably the
 result primarily of extramarital conceptions that occur to a small number of

 adolescents. The requisite modification was achieved as follows: the value of
 fertility at exact age 20 and the cumulated value of fertility up to age 20 were

 accepted as initially calculated from equation (3). Values of n and R were found

 such that f(a) equals R(a - 15)n matches the calculated value at age 20, and such
 that R f 2(a - 1S)nda matches cumulated fertility (as calculated) up to age 20.

 .24 - Japan 1964
 , ~~~~x Recorded

 >- .20 x X Sweden * Model
 - Hungary 1970 xA \

 LLI~~~~~~~~~~~~~~~

 _- \ \

 uJ Ir iiX
 08 < .04-, ~
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 Fig. 3. Age-specific fertility rates of three populations fitted by model fertility schedules
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 A crucial question is whether this family of model fertility schedules provides a
 close fit to the fertility of actual populations. We have tried to determine how
 well the model schedules operate by finding a schedule (through interpolation
 among the printed values) that matches each of a number of recorded schedules in
 terms of the mean age and the standard deviation and the ratio of the average
 value of fertility in the interval from ages 15 to 20 to the average value from ages
 20 to 25. Figure 3 shows the goodness of fit for three selected fertility schedules
 recorded by single years of age.

 The schedules were chosen because they had the lowest and highest mean ages
 (Hungary, 1970, and Sweden, 1891-1900), and the lowest standard deviation
 (Japan, 1964) among the single-year fertility schedules that we examined; in spite
 of the fact that the schedules fitted are extreme, the fit in every case is quite
 close. In fact the absolute value of the area between the model schedule and the
 recorded rates is in each instance less than 2.5 percent of the total area under
 either curve. We have fitted a number of other recorded fertility schedules with
 equal success.

 Figure 4 shows the structure of fertility that results when entry into cohabita-
 tion is early and rapid or late and gradual, combined with natural fertility, and
 with fertility that is highly controlled. In interpreting Figure 4 the reader must
 keep in mind the normalization of each schedule so as to produce an arbitrary
 total fertility of 1.0. The figure illustrates the distribution of fertility by age, not
 differences in level of fertility associated with age patterns. Actually, a schedule
 incorporating natural fertility would be expected to have at least as high fertility
 at every age as a schedule with the same ao and k and positive values of m. In
 Figure 5 two schedules with the same nuptiality but different values of m are
 shown, when the final proportion married is set at 1.0, and natural fertility is
 given a maximum value of 0.477.
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 Fig. 4. Model fertility schedules, total fertility = 1.0. Combinations of early marriage with various
 degrees of fertility control and late marriage with various degrees of control
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 Suitability of the Model Fertility Schedules when Nuptiality is Changing

 One of the two basic components of the model fertility schedules-the standard

 schedule of first-marriage frequencies-logically fits the experience of a cohort as it

 moves through life; it cannot match the proportion ever married by age in a cross
 section during a period of rapid changes in nuptiality. In fact, during such a

 0.40~ ~ ~ ~ ~ ~~~~~~ =04

 0.30~~~~~~~~~~M=.
 f (a)

 0.20 -CO 1.
 0.10 / k = 0.4

 0.10 / m - 2.0 \

 O. / I I L_ i
 15 20 25 30 35 40 45 49

 AGE

 Fig. 5. Age-specific fertility schedules, proportion ultimately ever married 1.0, marital fertility given by
 n(a) . exp Cm. v(a))

 period, there may be such peculiarities as a proportion ever married at age 30
 higher than at 40. But an examination of long sequences of Swedish and Danish

 period and cohort marital fertility schedules reveals that the second basic compo-
 nent-a set of model schedules of marital fertility-fits cross-sectional experience
 better than it fits cohort experience. Thus one of the components is appropriate
 to the construction of model schedules for periods, and the other component is
 not. In particular, we can expect difficulties in fitting the model schedules to
 actual experience when nuptiality is changing rapidly.

 The good performance of a model schedule in matching fertility for Japan,

 1964 (Figure 3), shows that this logical defect does not necessarily impair the
 capacity of the model schedules to duplicate real age patterns. However, the fit is
 achieved with. a fertility schedule embodying an implied mean age of first mar-
 riages (32.4 years) that bears no relation to the actual mean age at marriage in

 Japan (about 24 years). In contrast, the model schedule fitted to Hungary, 1970,
 implies a mean age at first marriage within 0.4 years of the recorded mean. Thus

 the model schedules fit quite well even when the assumptions they incorporate are

 violated; however, the parameters (ao, k, and m) that in periods of constant nup-
 tiality approximately specify the age pattern of entry into cohabitation and the

 departure of marital fertility from the "natural" pattern cannot be so interpreted
 in a period of rapid change.

 Advantages of theModel Schedules

 A virtue of this set of model schedules as compared to fitted schedules that are

 based on conventional frequency distributions such as the log normal, or one of

 the Pearson curves (Tekse 1967; Talwar 1970; Mitra and Romaniuk 1972; Romaniuk
 1973; Talwar 1974), is that the model schedules incorporate combinations of

 intuitively understandable demographic factors. The validity of this basis for
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 constructing model tables is confirmed by the goodness of fit to a variety of

 accurately recorded schedules. The model tables have the further advantage of

 describing in detail age patterns of fertility that are widely experienced but seldom

 recorded. Early marriage has been combined with natural fertility in many popula-

 tions, but this combination has usually occurred in the absence of accurate

 registration of birth by age of mother; consequently few instances of this age pattern

 of fertility have been observed in detail. The model tables provide a useful tool of

 estimation for such populations.

 Some Possible Uses of Model Fertility Schedules

 It is hoped that these model fertility schedules will prove useful in a number of

 practical, analytical, and heuristic ways, only some of which can be foreseen at

 this early stage. One practical purpose is to provide estimated single-year fertility

 rates for populations in which age-specific fertility is tabulated only by five-year

 age intervals. The tables have been arranged to make it possible to locate a model

 fertility schedule on the basis of a known mean and standard deviation plus the

 ratio of fertility at ages 15-19 to fertility at ages 20-24 (labeled R1 in the model
 tables). (In calculating the standard deviation from data given by five-year age

 intervals it is necessary to allow for Shepherd's correction or to subtract 2.083 from

 the calculated variance.)

 Fitting a Model Schedule to an Observed Schedule: England and Wales, 1965

 It is usually possible to calculate a model fertility schedule matching observed
 values of mean age, standard deviation, and R1 by employing the weighted average
 of no more than three tabulated schedules. Suppose the given values of mean age and
 standard deviation lie between x and x + 1.0, and &- and &- + 0.5, respectively,
 as shown in Figure 6. Since model tables are tabulated for integral values of the

 mean age, and for standard deviations at intervals of 0.5 years, tabulated fertility

 schedules generally exist at combinations of x and a2 found at all four corners of
 the rectangle in Figure 6. These schedules are examined to see if they include

 (2) variance (0)

 I I
 observed k d2 age
 value2ag

 (I)1
 X-

 6-2 (r0 +0.5)2

 Fig. 6. Guide to interpolation to determine weights for calculating model fertility schedule as weighted
 average of tabulated schedules

 schedules with values of R1 close to the observed R1. Usually at least three of the
 sets of tabulated schedules at the four corners provide such values of R1. Let us

 designate the three positions at which correct RI's occur as positions 0, 1, and 2,
 employing 0 for the position sharing the standard deviation of position 1 and the

 mean age of position 2. Let di be the distance from the observed mean to the mean
 at position 0, and d2 the distance of the observed variance from the variance at
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 position 0, as a fraction of the distance 0 to 2. (Cf. Figure 6.) Then if weights W1 =

 dl, W2 = d2, and W0 = 1.0 -d - d2 are applied to schedules at positions 1, 2, and
 0, the resultant weighted average of fertility rates constitutes a schedule that has the
 observed mean and variance.'

 To match the observed value of R1 to a very close approximation, it is usually

 sufficient to choose judiciously from the schedules available at positions 0, 1, and

 2, choosing two schedules with RI's on one side of the observed R1, and one
 schedule with an RI on the other side, paying due attention to the weights W0,
 W1, and W2. The aim, of course, is to select the schedules so that the weighted

 average of the RI's matches the observed R1.2 As an example, consider the
 fertility schedule for England and Wales 1965, with x = 27.269, a = 5.672, and

 RI = 0.248. Position 0 is x = 27.0, a = 6.0, position 1 is x = 28.0, a = 6.0, and
 position 2 is x = 27.0, a = 5.5. The value of d4 is 0.269/1.0; the value of d2 is

 [(6.0)2 - (5.672)2] /[(6.0)2 - (5.5)2] = 0.6658. The adjustments to d2 is (2.69)
 (.731)/5.75 = 0.342. Thus W1 = 0.269, W2 = 0.700, and Wo = 0.03 1. At position 0
 (x = 27.0, a = 6.0) we choose R1 = 0.2424 (too small); at position 1 (x= 28.0, a =
 6.0), R1 = 0.2494 (too large); at position 2 (x = 27.0, a = 5.5), R1 = 0.2478 (too
 small). The weighted average is (0.031) (0.2424) + (0.269) (0.2494) + (0.700)
 (0.2478) = 0.2480. The cover chart shows the resultant fit to the recorded schedule.

 Fitting a Model Schedule to Observed Average Parities in a Developing Country:
 Peru, 1960

 Another practical use is to locate a model fertility schedule for a population of
 a less developed country for which the only information is a sequence of reported
 average parities by five-year age intervals. Suppose it may be assumed that fertility
 has been approximately constant in recent years, and that fertility is either natural
 fertility or subject to only a slight degree of control. It is common knowledge that
 reported parity falls off with age beyond a certain point and is generally under-

 stated for older women. A plausible conjecture about reporting of parity in

 populations in which the responses are deficient is that younger women give a
 fairly full and accurate report of the number of children ever born to them, and
 that older women fail to report all of the births that have occurred to them

 mainly because of a failure to understand that they should include children who

 have grown up and left home. In other words the parity reported by women up to
 about age 30 can be considered relatively accurate.

 With the help of Figure 7, it is possible to determine the values of ao and k
 that would yield specified combinations of the ratios PAR 1 (average parity
 15-19)/(average parity 20-24) and PAR 2 (average parity 20-24)/(average parity
 25-29), with m = 0.0 (natural fertility), m = 0.2 (very moderate control of
 fertility) and m = 0.4 (quite moderate control of fertility). The FORTRAN
 program in Appendix A can then be used to calculate a model fertility schedule

 with an age structure that 1) matches the observed sequence of average parities up
 to age 30, and 2) incorporates either no departure or only a slight departure from
 natural fertility at the higher ages. The schedule is printed out at single years of
 age; average parity at ages 15-19, 20-24, and 25-29 is also provided. The model

 schedule yields a total fertility of 1.0; hence the ratio of average parity at ages
 25-29 (or at either of the other tabulated age intervals) recorded for the popula-
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 tion to average parity at that age in the model schedule provides an estimate of

 total fertility of the population. This ratio is also the multiplier required to

 convert the model age-specific fertility rates to the level prevailing in the popu-

 lation.

 In Figure 7 it is possible to estimate, by visual interpolation, values of ao and
 ao + 10k corresponding to specified combinations of PAR 1 and PAR 2, for m =
 0.0, m = 0.2, and m = 0.4. The figure displays a + 10k rather than simply k as the

 second variable because the loci of constant ao + 10k are more nearly orthogonal
 to the loci of ao than are the loci of k itself; this is not surprising, since ao + 10k
 is the median age of first marriage in a first marriage distribution specified by

 the parameters a0l k. To find the values of ao and k consistent with given values
 of PAR 1 and PAR 2, locate the given PAR 1 and PAR 2 in one of the panels of
 Figure 7, and estimate the fractional distance of this position between two values

 of ao, and two values of ao + k. For example, PAR 1 and PAR 2 are 0.1424 and
 0.4514 for Peru, 1960. When m = 0.2, this point lies at about ao = 13.4, ao + l0k
 = 18.7. When ao = 13.4 and ao + l0k = 18.7, k = 0.53. Hence one combination of
 parameters that produces a schedule with Peru's PAR 1 and PAR 2 is a schedule

 with ao = 13.4, k = 0.53, and m = 0.2. Other values of ao and k (13.2 and 0.58)
 would serve if m = 0.4 or (13.66) and 0.48) if m = 0.0.

 These three model schedules, adjusted to yield the average parity at ages 25-29
 recorded for Peru, are shown in Figure 8a. The estimates of total fertility implied

 by the three are 5.94, 6.30, and 6.72. Supplementary information for Peru makes
 it possible to select one of these schedules as optimal: the mean age of the

 schedule calculated from Peru's incomplete register of births by age of mother is
 29.50 years, closely matching the mean age of the model schedule with m = 0.20.
 Total fertility for this model schedule, adjusted to match recorded parity at 25-29,
 is 6.30; total fertility according to registered births is 5.09, indicating a complete-

 ness of registration of 80.8 percent. The age structure of the model schedule,

 chosen primarily on the basis of average parities recorded in the census, agrees well
 with the structure of fertility indicated by registered births (Figure 8b).

 .40 1 l lI I I I

 > ~~~~~~~~m= 0.0
 30 .30

 U-
 .20 / x

 0

 us .10 _ An _ * Registered doto

 (9: < x Model schedule

 0
 15-19 20-24 25-29 30-34 35-39 40-44 45-49 20-24 25-29 30-34 35-39 40-49

 Fig. 8a. Model fertility schedules, by Fig. 8b. Model fertility schedule, M =

 five-year age intervals, match- 0.20, compared with register-

 ing average parity in Peru-, ed rates for Peru (adjusted for

 1960, at ages 15-19, 20-24, underregistration)

 and 25-29.
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 A similar calculation for Mexico, 1960, produces a similarly close agreement;

 however, the best fit to the mean age based on registered births is provided by the
 model schedule with m = 0.4; this model schedule adjusted to the recorded

 average parity at 25-29 yields a total fertility of 6.12, 1 percent less than total

 fertility calculated from registered births. By this test, the registration of births in
 Mexico is seen to be complete.

 In the absence of extensive registration the mean age of the fertility schedule is

 not available, and it is necessary to guess the appropriate value of m, on the basis
 of general knowledge. For example, on the basis of the above calculations, a value
 of 0.2 to 0.4 seems a sensible choice for a Latin American population in which no
 major decline of fertility has occurred.

 Another category of uses of these model tables is analytical. It was really for

 analytical reasons that we embarked on their construction. The application of
 these schedules in an exploration of the nature of the complex roots

 j e-rap(a) . m(a) da = I

 will be reported elsewhere in a paper on that topic. In addition, the model fertility
 schedules by single years of age provide a firmer basis for calculation of adjust-

 ment factors to be used in the Brass-Sullivan approach to the estimation of infant
 and child mortality from data on the proportion dead among children ever born to
 women of different ages. In Brass's original version of these procedures, adjust-

 ment factors for converting proportions dead to 0q0's were derived by assuming a
 fertility function consisting of a polynomial of fixed structure that varied in its

 starting point. Sullivan determined the value of adjustment factors by constructing
 the adjustment required for each of a number of empirical fertility schedules by

 single years of age, and used regression analysis to determine the relationship
 between the needed adjustment factor and the parity ratios (PAR 1 and PAR 2)
 discussed above. Sullivan was hampered by the scarcity of fertility schedules
 incorporating an early start of fertility, and attempted to remedy this deficiency
 by using fictitious fertility schedules incorporating a start one year earlier than
 that recorded in empirical schedules of fertility. The new model tables, which
 seem to fit empirical experience quite satisfactorily, provide a set of tables for the
 full range of likely human experience. It must be conceded that their use now in
 the calculation of Brass-type estimates of infant and child mortality would prob-
 ably modify such estimates only slightly. However, the tables provide a more
 satisfactory basis for such calculations than the expedients employed earlier and it
 is hoped that in the future they will prove convenient for a variety of uses in
 analytical demography.

 Description of Tables

 The model fertility tables give age-specific fertility rates (per 1,000,000 women
 at each age), normalized so that the total fertility in each schedule is 1.0. The
 tables are arranged in ascending order of mean age, with ascending order of
 standard deviation with each mean age. For each value x and a, the tables are
 presented in ascending order of k. The ratio of average fertility at ages 15-19 to
 average fertility at ages 20-24, R1, generally is strictly monotonic increasing, but is
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 sometimes strictly monotonic decreasing, with increasing k. Also shown for each
 table are ratios of average parity at 15-19 to average parity at 20-24 (PAR 1) and
 average parity at 20-24 to average parity at 25-29 (PAR 2).

 Ansley J. Coale and T. James Trussell

 ACKNOWLEDGEMENTS: Joseph Potter and Alberto Hemandez contributed to
 data collection and computation for this project. Susan Watkins and Christina Su
 made useful computations and preliminary graphs, and Jane Menken gave helpful
 advice at every stage.

 NOTES

 1 The mean age of the weighted average of two schedules is the weighted average of the two means.
 The variance of the weighted average of two schedules with the same mean is the weighted average of
 the two variances. It is for this reason that the variance rather than the standard deviation is used for
 interpolation. However, the variance of the weighted average of two schedules with means that differ

 by 1.0, and the same variance, exceeds the common variance by (W1)(1 - W1), where W1 and (1 - W1)
 are the weights employed in interpolating for the mean age. (These statements can be verified by
 calculating the mean and variance of Wf1 (x) + (1 - W) f2(x).) Therefore, the variance of the interpolated
 schedule is slightly too large, and the weight W2 should be modified by an increment

 (W1xi -Wl)/(- + 0.25) since the difference between ' 2 and (5 + 0.5)2 is a + 0.25. W2 should be
 increased in this amount if position 2 is associated with the smaller variance; otherwise W2 should be
 decreased by this increment. W0 should also be readjusted so that the weights still add to 1.0.

 2 It is always possible to match the observed R1 exactly by employing a weighted average of two
 schedules at one of the three positions, choosing the weights so that, for example,

 W0(R0)0 +WJ(R0)1 + W2(R1)2 = R1, where (R1)2 is from a schedule at position 2 that is the weighted
 average of two schedules at that position. (R1)2 is chosen to equal (R1 - WO(Rl)o - W,(R,),)IW2.

 3 See Note 1.
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 APPENDIX A: Program for Computing a Model Fertility Schedule with Specified
 Values of aO, k, and m

 This program in FORTRAN IV is self-contained, incorporating single-year values
 of n(a) and v(a), and including the calculations of G(a) from a standard schedule
 of first marriage frequencies. The only data required are values of a0, k, and m
 (designated as AAA, AKK, and AMM in the only READ statement).

 The values of -v(a) and n(a), natural fertility, begin at age 12.5 and extend to
 age 49.5 by simply listing 38 numbers.

 No attempt was made to achieve elegance in programming. The program has the
 virtue that it has been debugged, and for all but expert programmers will save
 time.

 DIMENSION EH2 (38) ,ZS (420) ,ZSS (500) ,H (38) ,V (38)
 DIMENSION F(38),T(7),RR(5),CQ (9)

 C

 C V (A), CENTERED ON THE MIDPOINT OF EACH YEAR OF AGE
 DATA V/0. ,O. ,0. ,0.,0.,Q.,O.,0., .004, .03, .06,.10,.15,.20,.25, .31,
 1 .37,.44,.52,.60,.68,.76,.83,.90,.97,1.04,1.11,1.18,1.25,
 1 1.32,1.39,1.46,1.53,1.59,1.64,1.67,1 .69, t.70/

 C

 C NATURAL FERTILITY, CENTERED CN THE MIDPOINT OF EACH YEAR OF AGE
 DATA H/.175,.225,.275,.325,.375,.421,.460,.475,.477,.475,.470,
 1 .465,.460,.455,.449,.442, .435, .428, .420,.410,.400,.389,
 1 .375, .360,.343,.325,.305,.280,.247,.207,.167,.126,.087,
 1 .055, .035, .021,. 011,.003/
 REAL*8 CQ/' PTY1',' PTY2',' PTY3',' PARt',' PAR2',' 12',' 13',
 1' 14',' 10-14'/
 REAL*8 C(48) /' MEAN','STDEV',' RI',' AO',' K',' H','
 115',' 16',' 17',' 18',' 19','15-19',' 20', ' 2
 11',' 22',' 23',' 24','20-24',' 25',' 26',' 27',' 28'
 1,' 29','25-29',' 30',' 31',' 32',' 33',' 34','30-34','
 1 35',' 36',' 37',' 38',' 39','35-39',' 40',' 41',
 1' 42',' 43',' 44','40-44',' 45',' 46',' 47',' 48',
 1' 49', '45-49'/

 97 FORMAT(1H1,A5,5X,F8.4)
 99 FORMAT (1 XA5,5X,F8.14)

 888 FORMAT(3F10.4)
 98 FORHAT(35(lX,A5,5X, F10. 8/))
 95 FORMAT( I K, A 5, 5X, F10. 8)

 DO 1234 L=1,38
 1234 V(L)=-V(L)

 DO 637 I=1,80
 637 ZSS(I) =.0
 999 CONTINUE

 READ(5,888,END=3) AAA ,AKK ,AMM
 C

 THE SECTION THROUGH STATEMENT 5 ESTABLISHES THE CUMULATIVE OF
 C THE CUMULATIVE EVER MARRIED SCHEDULE BY 0.1 YEAP INTERVALS WITH
 C ZERO ORIGIN

 DO 73 J=1,420
 73 ZS(J)=0.0

 X=0.0
 ZL=G (X,AKK)
 DO 5 I=1,420
 A I=I

 X=AI/10. 0
 ZU=G (X, AKE)
 ZS (1) =0. 1* ( (ZU+ZL)/2 .0)
 ZL=ZU
 IF(I.GT.1) ZS(I)=ZS(I)+ZS(I-1)

 5 CONTINUE
 C
 C THE SECTION THROUGH STATEMENT 4 TRANSFERS THE ORIGIN TO AO

 DO 9 I=81,500
 9 ZSS(I)=O.0

 J=10.0*AAA
 LAST=50-J
 DO 4 I=1,LAST
 J=J+1
 ZSS(J) =ZS(I)

 4 CONTINUE
 C

 C BY AVERAGING THE CUMULATIVE OF THE CUMULATIVE EVER MARRIED
 _ SCHEDULE FOR THE 100 VALUES IN EACH SINGLE TEAR OF AGE, THE
 C AVERAGE EVER MARRIED FOR EACH YEAR OF AGE IS ESTABLISHED

 DO 25 I2=1,38
 112=120+10*I2
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 W=o. 0
 DO 24 K=1,10

 24 N=W+0.5* (ZSS (II2-K 1) ZSS (II2-K))
 25 EM2(I2)=W/10.0
 58 DO 35 I2=1,38

 35 F(I2)=EM2(I2)*H(I2)*EXP(AMM *V(I2))
 C

 C THE 15-19 SECTION OF THE AGE SPECIFIC FERTILITY SCHEDULE
 C ESTABLISHED IN STATEMENT 35 IS NON TRANSFORMED BY PITTING
 C AN EXPONENTIAL HAVING CONTACT WITH THE AGE AXIS AT AGE 15 AND

 ORDINATE AT AGE 20 AND AREA UNDER THE CURVE FROM 15-19 EQUAL
 C TO THAT OF THE ORIGINAL 15-19 SECTION. THIS TRANSFORMATION IS
 C NOT PERFORMED UNLESS AO IS GREATER THAN 15

 DO 1 IL=1,7
 BB=0. 0
 DO 2 JL=1,5
 KL=JL+5*(IL-1) +3

 2 BB=BB+F(KL)
 1 T (IL) =B3/5. 0

 FIRST=(F(1) F(2)+F(3))/5.O
 IF(AAA .LT. 15.0) GO TO 289
 TT=T(1) *5.0
 FR=. 476*ZSS (200)
 SS=FR*5.0/TT-1. 0
 CONS=FR/ (5. 0**SS)
 A= 1 . 0
 DO 44 ML=1,5
 RR(ML)=A**(SS+1.0)/(SS+1.0)*CONS

 44 A=A+1.

 F (4) =RR (1)
 DO 46 M=2,5
 L=M+3

 46 F (L) =RR (M) -RR (M-1)
 289 CONTINUE

 C

 C THE SECTION THROUGH STATEMENT 37 ESTABLISHES THE MEAN, VARIANCE,
 THE 3 PARITIES, AND R1

 SUFY=O.
 DO 222 I2=1,38

 222 SUMF=F(I2).SUMF
 DO 333 J=1,7

 333 T (J) =T (J) /SUMF
 FIRST=FIRST/SUMF
 SUD=O.
 SUMSQ=D.
 A=12. 5

 DO 33 I2=1,38
 F (I2) =F (I2) /SUMF
 SUR=SUM+A*F (I2)
 SURSQ=SUMSQ+A*A*F(I2)

 33 A=A*1.0
 SIGRA= (SUMSQ-SUM*SUM) -1.0/12 .0
 SIGMA=SQRT (SIGRA)
 SMEAN=SUM

 Q1=(4.5*F(4)+3.5*F(5)+2.5*F(6)+1.5*F(7)+.5*F(8))/5.0 +5.0*FIRST
 Q2=(4.5 * F(9) + 3.5 * F(10)+ 2.5 * F(11)+ 1.5 * F(12)+ .5 *
 1 F(13)) / 5.0 + 5.0*(T(1) +FIRST)
 Q3= (4.5 * F(14) + 3.5 * F(15) * 2.5 * F(16) + 1.5 * Y(17) +
 1 .5 * F(18)) / 5.0 + 5.0* (T(1) + T(2) +FIRST)
 PAR =Ql/Q2
 PAR2 =Q2/Q3

 37 R1=T(1)/T(2)
 PRINT 97,C(1),SMEAN
 PRINT 99,C(2) ,SIGMA
 PRINT 99,C(3),R1
 PRINT 99,C(4),AAA
 PRINT 99,C(5),AKK
 PRINT 99,C(6),AMN
 PRINT 99,CQ(4),PAR1
 PRINT 99,CQ(5),PAP2
 PRINT 99,CQ(1),Q1
 PRINT 99,CQ(2),Q2
 PRINT 99,CQ(3),Q3
 PRINT95,CQ(6) ,F (1)
 PRINT95,CQ (7) ,F (2)
 PRINT98 ,CQ (8), P (3)
 PRINT98,CQ(9) ,FIRST
 K=3
 DO 102 IN=1,7
 N=IN*5 +3
 M=N-4

 PRINT 99, ((C (J.K) ,F(J)) ,J=M,N)
 PRINT 93,C(N+K+1) ,T (IN)

 102 K=K+1
 GO TO 999

 3 STOP
 END

 FUNCTION G(X,AKK)
 CONS=0. 19465/AKK
 B=0. 1740/AKK
 W=0. 28811AKK
 G =CONS*EXP (-B* (X-6.06*AKK) -EXP (-W*(X-6.06*AKK)))
 RETURN

 END
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 APPENDIX B: Model Fertility Schedules

 The model fertility schedules have been normalized so that total fertility equals
 1.0. The rates given in each schedule are age-specific rates per million women in
 each age interval. These rates are cumulated and divided by 5 for each five-year age
 interval to provide an average fertility rate for each interval. The tables are arranged
 by groups of ascending means and subgroups of ascending standard deviation. Within
 each subgroup of a given mean and standard deviation, R 1 is strictly monotonic. The
 first ten entries for each schedule are defined as follows:

 1) MEAN= 5a f(a)

 2) STDEV = SQRT ({125 a2f(a)}- MEAN2- 1/12)

 3) RI = 19.5 f(a) / Z24.5 f(a 15.5 20.5

 4) MED = a such that Z a f(a) = 0.5
 12.5

 5) SKEW = 49,5 (a - MEAN)3 f(a) / STDEV3
 12.5

 6) PAR 1- average parity (15-19) / average parity (20-24)
 7) PAR 2 =average parity (20-24) /average parity (25-29)
 8) AO = first age of marriage in the nuptiality function
 9) K = a scale factor, or the time interval after AO during

 which any given proportion of marriages takes place relative to
 the standard nuptiality schedule, where K = 1

 10) M = degree of control of fertility relative to the standard
 fertility schedule (m in equation (4)).
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 POPULATION COUNCIL
 DEMOGRAPHIC DIVISION GRANTS

 The Population Council has published

 a new description of its Demographic
 Division grants program, including de-

 tailed information concerning the topics on which applicants are encouraged to
 focus in 1974 and 1975.

 Under the Demographic Division grants program support is available for re-
 search, institutional development, and fellowships. In each of these categories, the
 subject matter may fall in one or more of the following fields of interest:

 * Demographic processes and structure-in particular, levels and trends of
 population growth, fertility, mortality, migration, and the composition and
 spatial distribution of populations.

 * The antecedents of demographic processes-in particular, the economic,
 social, and psychological determinants of demographic behavior.

 * The effects of population processes-in particular, their economic, social, and
 environmental consequences, and their nature, incidence, and timing.

 * Population policy-in particular, social and political responses to the effects
 of population processes and the analysis of possible policy choices that seek
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